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1. Introduction
Recently, in [7], K. Taniyama defined the total curvature of graphs in Euclidean spaces. It is
an extension of the total curvature of closed space curves (cf. [1, 2, 3, 5]). Taniyama characterized
the polygonal maps from a finite graph G to a Euclidean space En with minimal total curvature
for a certain graph G. The case when G is homeomorphic to a circle is the piecewise linear
version of the generalized Fenchel theorem ([3, 1, 5]). Sequential studies on the polygonal maps
with minimal total curvature, called flat maps, were done by K. Kobayashi and the author ([4,
6]). The purpose of this paper is to give further results on flat maps, especially on the flat maps
from a complete graph Km , as a sequel to the paper [6]. Below we explain our principle results in
brief. The terminology from graph theory used there will be reviewed in Section 2. Throughout
this paper we regard a graph as a topological space (in fact, a one-dimensional CW-complex)
and consider only finite graphs.
Let G be a graph. Let En be the n-dimensional Euclidean space with standard metric. We
consider En as a vector space, too. A continuous map f : G → En is called polygonal if there
exists a subdivision G ′ of G such that G ′ has no loops or multiple edges and f maps each edge
of G ′ homeomorphically onto a line segment of En . For adjacent edges ei and e j of such a
subdivision G ′, let β( f, ei , e j ) be the angle of the line segments f (ei ) and f (e j ) at f (ei ∩ e j )
satisfying 0 6 β( f, ei , e j ) 6 pi . We set α( f, ei , e j ) = pi−β( f, ei , e j ) and call it the curvature
of f at (ei , e j ). Then the total curvature of f is defined by
τ( f ) =
∑
α( f, ei , e j )
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where the summation is taken over all unordered pairs of adjacent edges of G ′. We remark that
if G is homeomorphic to the circle S1 the above definition is the same as that of Milnor [5]
for a polygonal closed curve. Milnor defined the total curvature of a continuous closed curve
f : S1 → En as the supremum of the total curvatures of all polygonal maps S1 → En
inscribed in f . A “continuous closed curve” and “inscribed” are precisely defined as follows. A
continuous closed curve f is the continuous map S1 → En induced by a periodic continuous
map f : R→ En of period l that is not constant in any interval. A polygonal map g : S1 → En
is said to be inscribed in a closed curve f : R/ lZ→ En if g satisfies the following conditions:
(1) g is a continuous closed curve parametrized by the same parameter that parametrizes f ; (2)
g(ti ) = f (ti ) for a certain set of parameter values t1, . . . , tm with ti < ti+1 and ti+m = ti + l for
i = 1, . . . ,m; (3) g maps each closed inteval [ti , ti+1] homeomorphically onto the line segment
f (ti ) f (ti+1).
We will see in Section 2 that there exists a nonnegative integer κ(G) associated to a graph
G such that
piκ(G) = min{ τ( f ) | f : G → En is a polygonal map, n is a natural number }.
A polygonal map f : G → En is said to be flat if τ( f ) = piκ(G), that is, its total curvature is
minimal for G. We consider the minimal integer d satisfying that for any flat map f : G → En
the image f (G) is contained in a certain d-dimensional affine subspace of En . Note that such d
is determined for a graph G. We call this integer the curvature dimension of G and denote it by
dim(G). Similarly we define another integer of a graph G. The vertex dimension of G, denoted
by Verdim(G), is the minimal integer z satisfying that for any flat map f : G → En the image
of all vertices f (V (G)) is contained in a certain z-dimensional affine subspace of En . The
curvature dimension dim(G) and the vertex dimension Verdim(G) roughly characterize the flat
maps from a graph G. For example, it is clear that if G is homeomorphic to the closed interval I
then dim(G) = Verdim(G) = 1 (κ(G) = 0). For the circle graph on m (> 3) vertices, Cm , we
have that κ(Cm) = 2 and dim(Cm) = Verdim(Cm) = 2 from the generalized Fenchel theorem
[5]. By definition we have Verdim(G) 6 dim(G). From the characterization of flat maps by
Taniyama [7] we get the values dim(G) and Verdim(G) for G the complete bipartite graph,
K1,m ; the theta curve graph, θm ; and the wheel graph with m spokes Wm . The results of [7]
imply that
Verdim(G) = dim(G) for G = I,Cm, K1,m, K2,m,Wm (m > 3).
Here we note that K2,m is a subdivision of the theta curve graph θm . On the other hand this
equelity does not hold for the complete graph Km on m (> 5) vertices. For m < 5, note that
that K3 = C3 and K4 = W3. In [6] the author showed that Verdim(K2l) = l for l a positive
integer, and also that
dim(K2l), dim(K2l−1) > 1+ 12 l(l − 1) for l = 2, 3, 4, . . .
In this paper we determine Verdim(Km) and dim(Km) for any positive integer m. Let Ev(G)
be the minimal subgraph of G that contains all the edges of G incident to v ∈ V (G). In order
to get upper bounds for Verdim(Km) and dim(Km), we will investigate the restriction f |Ev(G)
On graphs in Euclidean spaces with minimal total curvature 11
of a flat map f : G → En for a general graph G. As a consequence we will show the following
fundamental theorem on local dimension:
Theorem 1.1. Let f : G → En be a polygonal map and v a vertex of G. Let A( f, Ev(G)) be
the minimal affine subspace of En that contains f (Ev(G)). If f is flat, then
dim A( f, Ev(G)) 6
[
deg(v)
2
]
+ 1.
Here, as in the rest of the paper, [r ] denotes the greatest integer not greater than r for a real
number r .
Using this important result we will show the following:
Theorem 1.2. Verdim(K2l) = l,Verdim(K2l+1) = l + 1 (l = 1, 2, 3, . . .).
Theorem 1.3. dim(K2l) = dim(K2l−1) = 1+ 12 l(l − 1) (l = 2, 3, 4, . . .).
This paper is organized as follows. In Section 2, first we review preliminary graph theory
notions. Then we recall fundamental results and definitions from [7] with other necessary
preliminaries. In Section 3, we study the local behavior of flat maps and prove Theorem 1.1. In
Section 4, we prove Theorem 1.2 and Theorem 1.3, and give other results on Verdim(G) and
dim(G), which are deduced from Theorem 1.1 and some supplementary lemmas on flat maps.
2. Preliminaries
We review some notation from graph theory. Let G be a graph. Let V (G) (resp. E(G))
be the set of the vertices (resp. edges) of G. In this paper a graph is a finite 1-dimensional
CW-complex. Therefore we allow graphs to have multiple edges, that is, several edges joining
the same two vertices, and also loops, which occur when an edge joins a vertex to itself. A
graph G is called simple if it has no loops and no multiple edges. If A is a subset of V (G), then
G[A] denotes the subgraph of G induced by A, that is, the graph defined by V (G[A]) = A
and E(G[A]) = { e ∈ E(G) | e joins two vertices in A or e is a loop at a vertex in A }. We
say that a vertex w ∈ V (G) is adjacent to v ∈ V (G) (possibly w = v) if there exists an edge
of G joinig w and v. We denote by adj(v,G) the set of the vertices of G adjacent to v ∈ V (G).
We note that if there is a loop incident to v then v ∈ adj(v,G). The degree of a vertex v in G,
denoted by degG(v), is the number of edges in G that are incident to v where each loop at v is
counted twice. Therefore if there are m edges which are not loops and n loops incident to v,
then degG(v) = m + 2n. For a proper subgraph H of G with v ∈ V (H), degH (v) denotes the
number of edges in H incident to v. When there is no fear of confusion we denote the degree
of v in G simply by deg(v).
Ifw is an interior point of an edge e of a graph H , we can obtain the new graph K by making
w a vertex so that V (K ) = V (H)∪ {w } and E(K ) = E(H)∪ { e1, e2 } − { e }, where ei is the
closure in H of a connected component of e − w for i = 1, 2. A subdivision of G is a graph
obtained by repeating the above process, starting from G, finitely many times.
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The complete bipartite graph on vertices w1, w2, . . . , wl and v1, v2, . . . , vm is the sim-
ple graph G such that V (G) = {w1, w2, . . . , wl, v1, v2, . . . , vm } and adj(wi ,G) =
{ v1, v2, . . . , vm } for i = 1, 2, . . . , l and adj(v j ,G) = {w1, w2, . . . , wl } for j = 1, 2, . . . ,m.
We denote it by Kl,m . The complete graph on m vertices is the simple graph G such that
#(V (G)) = m and adj(v,G) = V (G) − { v } for all v ∈ V (G), where “ # ” means the num-
ber of the elements. We denote it by Km . A path is a subdivision of K2, that is, a graph
homeomorphic to the closed interval I = [0, 1] ⊂ R. A path in a graph G is determined by
an alternating sequence of distinct vertices and edges of G, say v0, e1, v1, . . . , el, vl where
vi ∈ V (G), ei ∈ E(G), vi 6= v j for i 6= j and ∂ei = { vi−1, vi } for 1 6 i 6 l. If G[{ vi−1, vi }]
has no multiple edges for any i , the path of a sequence v0, e1, v1, . . . , el, vl is determined only
by vertices. Then it is usually denoted by [v0, v1, . . . , vl]. If a connected graph G contains no
subgraphs homeomorphic to S1, we call such G a tree. A maximal tree of a connected graph
G, denoted by TG , is a tree that is a subgraph of G such that V (TG) = V (G). Note that TG is
not uniquely determined for G.
Now we review some definitions and fundamental results from [7] and introduce some new
terminology. Recall the definition of a polygonal map and its total curvature from Section 1.
We say that a subdivision G ′ of G is linear with respect to a polygonal map f : G → En if
f maps each edge of G ′ homeomorphically on to a line segment of En . Let Sn−1 be the unit
sphere in En . For a unit vector u ∈ Sn−1 let pu : En → Ru ⊂ En be the projection defined by
pu(x) = (x ·u)u where the dot “ · ” means the inner product. For a polygonal map f : G → En
we set
3 f = { u ∈ Sn−1 | pu ◦ f : G → Ru ⊂ En is not a polygonal map }.
Since G is a finite graph it is clear that the volume vol(Sn−1 −3 f ) = vol(Sn−1). We remark
that3 f is the intersection of Sn−1 and the union of (n− 1)-dimensional subspaces of En each
of which is orthogonal to the line that contains the line segment f (e) for some edge e of G ′.
The following is a generalization of Theorem 3.1 in [5].
Theorem 2.1. ([7, Theorem 1.1]) Let f : G → En be a polygonal map. Then
τ( f ) = 1
vol(Sn−1)
∫
Sn−1−3 f
τ(pu ◦ f ) du.
The curvature index of a graph G is the nonnegative integer defined by
κ(G) = min{ τ(h)/pi | h : G → E1 is a polygonal map }.
We know immediately from Theorem 2.1 that τ( f ) > piκ(G) for any polygonal map f : G →
En . A polygonal map f : G → En is called flat if τ( f ) = piκ(G). Since3 f is a closed subset
of Sn−1 and τ(pu ◦ f ) is locally constant on Sn−1 −3 f , Theorem 2.1 implies:
Proposition 2.2. ([7, Proposition 1.3]) A polygonal map f : G → En is flat if and only if
pu ◦ f : G → En is flat for all u ∈ Sn−1 −3 f .
From the definition of κ(G), it is clear that there exists a flat map G → En for any G.
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Let H be a subspace of G, which is not restricted to be a subgraph of G. For a polygonal
map f : G → En , we denote by A( f, H) the minimal affine subspace of En that contains
f (H) and by Ao( f, H) its underlying vector space. Then dim( f, H) denotes the dimension
dim A( f, H) = dim Ao( f, H). For G itself we denote dim( f,G) simply by dim( f ) and call
it the dimension of f . For H = V (G) we call dim( f, V (G)) the vertex dimension of f ,
where we regard V (G) as a 0-dimensional subspace of #V (G) components. The following is
a consequence of Proposition 2.2.
Proposition 2.3. Let f : G → En be a flat map. Then for any integer m with 1 6 m 6 dim( f ),
there exists a flat map g : G → En whose dimension is m.
Proof. For a v-dimensional vector subspace V of En , let PV : En → V be the orthogonal
projection, that is, PV =∑vi=1 pui for any orthonormal basis { u1, . . . , uv } of V . Let M be an
m-dimensional vector subspace of Ao( f,G) such that PM ◦ f : G → M ∼= Em is polygonal.
Let u′ = PM(u) for u ∈ Sn−1. It is easy to see that pu ◦ PM = ‖u′‖ pu′/‖u′‖ as a projection
En → E1 under the isometry R(u′/‖u′‖)→ Ru. Then we have that PM ◦ f : G → M ⊂ En
is flat by Proposition 2.2. Since PM = PM ◦ PAo( f,G), PM ◦ f (G) is not contained in any proper
subspace of M . Therefore dim(PM ◦ f ) = m. ¤
Then it is natural to consider the maximum:
dim(G) = max{ dim( f ) | f : G → En is a flat map, n is a natural number }.
This is the curvature dimension of a graph G defined by Taniyama [7]. The vertex dimension
of G, defined by the author [6], is:
Verdim(G) = max{ dim( f, V (G)) | f : G → En is a flat map, n is a natural number }.
We remark here that n is not fixed in both definitions.
We conclude this section by recalling two fundamental lemmas on flat maps, that are im-
portant for the proofs of results. Let h : G → E1 be a polygonal map, G ′ a subdivision of G
that is linear with respect to h and v a vertex of G ′. Let adj(v,G ′, h,+) = { v′ ∈ adj(v,G ′) |
h(v′) > h(v) } and adj(v,G ′, h,−) = { v′ ∈ adj(v,G ′) | h(v′) < h(v) }.
Lemma 2.4. ([7, Lemma 3.1]) If a polygonal map h : G → E1 is flat, then
|#(adj(v,G ′, h,+))− #(adj(v,G ′, h,−))| 6 2.
A continuous map f : e → En from an edge e ∈ E(G) which is not a loop is said to be
convex if there exist an affine subspace P of En with dim P = 2 or 1 and a convex closed
curve c : (I, ∂ I )→ (P, c(0)) such that f = c ◦ ψ : e→ P ⊂ En for some homeomorphism
ψ : e→ [0, r ] ⊂ I , with 1/2 6 r 6 1. For a loop edge e, we consider a convex closed curve
co : S1 → P and a homeomorphism ψo : e→ S1 instead of the above c and ψ .
The following lemma is essentially the same as [7, Corollary 1.5], and follows from the tri-
angle inequality for spherical triangles, cf. [7, Lemma 1.4]. It also follows from Proposition 2.2.
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Lemma 2.5. For a flat map f : G → En and an edge e of G, A( f, e) is a plane or a line in
En and f |e : e→ En is convex. Therefore dim( f, e) 6 2 and τ( f |e) 6 2pi.
3. Local behavior of flat maps
In this section we study the behavior of flat maps on Ev(G). Recall that Ev(G) is the minimal
subgraph of G that contains all the edges of G, including loops, that are incident to v ∈ V (G).
As a subspace of G, Ev(G) is the union of all edges incident to v. We consider the two affine
spaces A( f, Ev(G ′)) and A( f, Ev(G)) for a flat map f : G → En , a subdivision G ′ of G
that is linear with respect to f and a vertex v of G. First we recall from [6] the following
result on A( f, Ev(G ′)), that is deduced from Lemma 2.4. We know from [6, Example 2.3] or
[7, Example 7.4] that the bound is the best possible.
Lemma 3.1. ([6, Lemma 1.1]) If a polygonal map f : G → En is flat, then
dim( f, Ev(G ′)) 6
[
deg(v)
2
]
+ 1
Let f : G → En be a polygonal map, G ′ a subdivision of G that is linear with respect
to f , and v a vertex of G ′. Henceforth we will direct our attention to the difference between
A( f, Ev(G ′)) and A( f, Ev(G)). Hereafter in this section, we prove all lemmas and theorems
under the assumption:
(A) For any two edges ei and e j of G ′ that are adjacent at a vertex in V (G ′) − V (G),
α( f, ei , e j ) 6= 0.
This means that the subdivision G ′ has the minimum number of subdivision points to be linear
with respect to f . Note that if both G ′1 and G ′2 are linear with respect to a polygonal map
f : G → En , then A( f, Ev(G ′1)) = A( f, Ev(G ′2)). So the assumption (A) does not affect the
generality of any of the subsequent proofs. After the proofs it will be clear that the claims of
Lemma 3.2, Lemma 3.3 and Lemma 3.5 hold for an arbitrary subdivision G ′ that is linear with
respect to f .
Lemma 3.2. If f : G → En is flat and dim( f, Ev(G ′)) = [deg(v)/2]+ 1, then
A( f, Ev(G)) = A( f, Ev(G ′)).
Proof. Because of the definition of A( f, ·), it is sufficient to show that f (e) ⊂ A( f, Ev(G ′))
for an arbitrary edge e of Ev(G). We show this for edges which are not loops. The case when e
is a loop incident to v will be clear from the following argument.
Let e be an edge of Ev(G) and v1 the vertex of G such that ∂e = { v, v1 } (therefore
e ⊂ G[{ v, v1 }]). Let adj(v,G ′) = { v′1, . . . , v′m } with v′1 ∈ e. Let v′′1 be the vertex of G ′ such
that adj(v′1,G ′) = { v, v′′1 }. It is possible that v′′1 = v1, see Fig. 3.1. Moreover if f maps e
homeomorphically onto a line segment, then v′1 = v1 and therefore v′′1 does not exist by the
assumption (A).
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v v′1 v
′′
1 v1
Figure 3.1. The edge e
Suppose that f (e) is not contained in A( f, Ev(G ′)). Then by the assumption (A) and
Lemma 2.5, we know that f (v′′1 ) /∈ A( f, Ev(G ′)). We take u0 ∈ Bo( f, Ev(G ′)) such that
( f (v′′1 )− f (v′1)) ·u0 < 0 where Bo( f, Ev(G ′)) is the orthogonal complement of Ao( f, Ev(G ′))
in En . Let k = dim( f, Ev(G ′)) = [deg(v)/2]+ 1. Reordering subscripts if necessary, we can
take k vertices v′1, . . . , v′k ∈ adj(v,G ′) such that the vectors f (v′1)− f (v) , . . . , f (v′k)− f (v)
form a basis of Ao( f, Ev(G ′)). We take a unit vector u1 ∈ Ao( f, Ev(G ′)) that is orthogonal to
the hyperplane in Ao( f, Ev(G ′)) determined by end points of the above k vectors and satisfies
( f (v′1)− f (v)) · u1 > 0. Let u′1 be a unit vector in Sn−1 −3 f that is sufficiently close to u1.
Then, since f is flat, by Proposition 2.2 and Lemma 2.4 we have
|#(adj(v,G ′, pu′1 ◦ f,+))− #(adj(v,G ′, pu′1 ◦ f,−))| 6 2.
Therefore u1 satisfies
k = #{ v′i ∈ adj(v,G ′) | ( f (v′i )− f (v)) · u1 > 0 }
= η + #{ v′i ∈ adj(v,G ′) | ( f (v′i )− f (v)) · u1 < 0 },
where η = 1 when deg(v) is odd, η = 2 when deg(v) is even.
Let ε > 0 be a sufficiently small real number and set u¯ = (u0 + εu1)/‖u0 + εu1‖. After
small perturbation of u¯ if necessary, we get a unit vector u ∈ Sn−1 −3 f that satisfies
pu ◦ f (v′′1 ) < pu ◦ f (v) < pu ◦ f (v′1) in R ∼= Ru
and
#{ v′i ∈ adj(v,G ′) | pu ◦ f (v) < pu ◦ f (v′i ) }
= η + #{ v′i ∈ adj(v,G ′) | pu ◦ f (v′i ) < pu ◦ f (v) }.
The first inequality follows from ( f (v′1) − f (v)) · u1 > 0, ( f (v′1) − f (v)) · u0 = 0 and
( f (v′′1 ) − f (v′1)) · u0 < 0. Then we find a polygonal map g : G → E1 such that τ(g) =
τ(pu ◦ f )− η pi , that is obtained from pu ◦ f as follows (cf. [7, proof of Lemma 3.1]):
Let H be the path [v, v′1, v′′1 ] ⊂ e in G ′. Let g be a polygonal map such that g|H maps H
homeomorphically onto the line segment pu( f (v))pu( f (v′′1 )) and g|G−H = pu ◦ f |G−H .
Thus we know that pu ◦ f is not flat. This contradicts Proposition 2.2. Therefore f (e) ⊂
A( f, Ev(G ′)). ¤
Let e1 and e2 be adjacent edges of G that are incident to v ∈ V (G). Let vi (possibly vi = v)
be the end vertex such that ∂ei = { v, vi } for i = 1, 2 (possibly v1 = v2), e′i the edge of G ′ and
v′i the vertex of G ′ such that ∂e′i = { v, v′i } and e′i ⊂ ei ⊂ G[{ v, vi }]. See Figure 3.2.
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Figure 3.2. The edge ei
Then we have the following lemma on the behavior of flat maps on adjacent two edges.
Lemma 3.3. Suppose that f : G → En is a flat map, f (v′2)− f (v) 6= r( f (v′1)− f (v)) for any
positive real number r , and f (e1) is not contained in A( f, e′1∪e′2). Then f (e2) ⊂ A( f, e1∪e′2),
so that A( f, e1 ∪ e2) = A( f, e1 ∪ e′2).
Proof. We consider only the case in which neither e1 nor e2 is a loop. It will be clear after the
proof of this case that the other cases can be proved similarly.
Suppose that f (e2) is not contained in A( f, e1 ∪ e′2). Then, because of the assumption
(A) together with Lemma 2.5 and the condition that f (e1) is not contained in A( f, e′1 ∪ e′2),
there exist vertices v′′1 and v′′2 of G ′ such that adj(v′i ,G ′) = { v, v′′i } for i = 1, 2 (again
possibly v′′i = vi . See Figure 3.2) and f (v′′1 ) /∈ A( f, e′1 ∪ e′2) and f (v′′2 ) /∈ A( f, e1 ∪ e′2). Let
Bo( f, e′1 ∪ e′2) denote the orthogonal complement of Ao( f, e′1 ∪ e′2) in Ao( f, e1 ∪ e2). Because
f (v′′2 ) − f (v′2) /∈ Ao( f, e1 ∪ e′2), we get that f (v′′1 ) − f (v′1) and f (v′′2 ) − f (v′2) are linearly
independent in Ao( f, e1 ∪ e2). They compose a basis of Bo( f, e′1 ∪ e′2). Then we can take a
vector u0 ∈ Bo( f, e′1 ∪ e′2) such that
( f (v′′1 )− f (v′1)) · u0 > 0 and ( f (v′′2 )− f (v′2)) · u0 < 0.
On the other hand we can take a vector u1 ∈ Ao( f, e′1 ∪ e′2) such that
( f (v′1)− f (v)) · u1 < 0 and ( f (v′2)− f (v)) · u1 > 0.
Let ε > 0 be a sufficiently small real number and set u¯ = (u0 + εu1)/‖u0 + εu1‖. After slight
perturbation of u¯ if necessary, we get a unit vector u ∈ Sn−1 −3 f that satisfies
pu ◦ f (v′′2 ) < pu ◦ f (v′1) < pu ◦ f (v) < pu ◦ f (v′2) < pu ◦ f (v′′1 ).
Then it is easy to construct a polygonal map g : G → E1 from pu ◦ f such that τ(g) =
τ(pu ◦ f ) − 2pi . This contradicts Proposition 2.2. Therefore we have f (e2) ⊂ A( f, e1 ∪ e′2)
and dim Bo( f, e′1 ∪ e′2) = 1. ¤
Remark. An argument analogous to the preceding one leads us the following.
(1) If f : G → En is flat, dim( f, e′1 ∪ e′2) = 2 and dim( f, e1 ∪ e2) = 3, then f (e1 ∪ e2) is
contained in one of the closed half spaces of A( f, e1 ∪ e2) induced by the plane A( f, e′1 ∪ e′2).
(2) If f : G → En is flat and f (v′2)− f (v) = r( f (v′1)− f (v)) for some negative number r ,
then dim( f, e1 ∪ e2) 6 2 and f (e1 ∪ e2) is contained in one of the closed half planes of
A( f, e1 ∪ e2) induced by the line A( f, e′1 ∪ e′2).
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Corollary 3.4. For a flat map f : G → En and adjacent edges e1 and e2 of G,
dim( f, e1 ∪ e2) 6 3.
Proof. If f (v′2) − f (v) 6= r( f (v′1) − f (v)) for any real number r , we have the result from
Lemma 3.3 and Lemma 2.5. It remains to prove the case in which there is a positive or negative
number r such that f (v′2) − f (v) = r( f (v′1) − f (v)). However, in this case the result is an
immediate consequence of Lemma 2.5. ¤
We say that a polygonal map f : G → En is locally flat (resp. locally injective) at v if
the restriction f |Ev(G ′) : Ev(G ′) → En is flat (resp. injective) for some subdivision G ′ such
that Ev(G ′) is isomorphic to K1,deg(v). We note that flat maps from K1,m are characterized in
[7, Theorem 1.8 and Theorem 1.10].
Lemma 3.5. If a polygonal map f : G → En is flat and locally injective at v, then
dim( f, Ev(G)) 6 dim( f, Ev(G ′))+ 1.
Proof. We have only to show that if f (Ev(G)) is not contained in A( f, Ev(G ′)) then
dim( f, Ev(G)) = dim( f, Ev(G ′)) + 1. Suppose that there is an edge e of Ev(G) such that
f (e) is not contained in A( f, Ev(G ′)). Because of the assumption that f is locally injective at
v and Lemma 3.3, it is clear that A( f, Ev(G)) = A( f, e ∪ Ev(G ′)). Then we have the result
by Lemma 2.5. ¤
Remark. In the case where deg(v) is odd the bound in Lemma 3.5 is not the best. Indeed,
A( f, Ev(G)) = A( f, Ev(G ′)) in this case. A flat map f : G → En is locally flat at a
vertex v of odd degree [6, Lemma 2.1]. From the characterization of flat maps from K1,2l+1
by Taniyama, the author showed in [6, Lemma 1.2] that A( f, Ev(G)) ⊂ A( f, Ev(G ′)) for a
vertex v of odd degree and a flat map f which is locally injective at v. On the other hand, the
flat map f : K5 → E3 of [7, Example 7.4], which is locally injective at each v ∈ V (K5),
is not locally flat at any v but satisfies A( f, Ev(G)) = A( f, Ev(G ′)) at each v. In Section 4
we will construct a flat map f : K2l+1 → El+1 which is locally injective, locally flat and
dim( f, Ev(G)) = dim( f, Ev(G ′)) + 1 at each v ∈ V (K2l+1). We remark that the former
example satisfies the condition of Lemma 3.2 and the latter does not.
Now we can prove Theorem 1.1.
Theorem 1.1. For a flat map f : G → En and v ∈ V (G),
dim( f, Ev(G)) 6
[
deg(v)
2
]
+ 1.
Proof. We restrict ourselves to the case in which G is a simple graph. It is only for the
convenience in description. The other cases are proved in the same way.
Let G ′ be a subdivision of G that is linear with respect to f and satisfies the assumption (A).
Let adj(v,G) = { v1, . . . , vdeg(v) } and adj(v,G ′) = { v′1, . . . , v′deg(v) } where each subscript i is
given so that v′i ∈ G[{ v, vi }] = ei , and deg(v) = 2l or 2l+1 (l is a positive integer). We remark
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that if deg(v) = 1 the result is trivial. Let v′′i be the vertex of G ′ such that adj(v′i ,G ′) = { v, v′′i }
(possibly v′′i = vi ) and e′i = G ′[{ v, v′i }]. See Figure 3.2 before the proof of Lemma 3.3. If f
maps ei homeomorphically onto a line segment, then v′i = vi and therefore v′′i does not exist
by the assumption (A).
Case 1: dim( f, Ev(G ′)) = [deg(v)/2] + 1 = l + 1. We have the result immediately from
Lemma 3.2.
Case 2a: dim( f, Ev(G ′)) 6 [deg(v)/2] = l and f is locally injective at v. The result is clear
by Lemma 3.5.
Case 2b: dim( f, Ev(G ′)) 6 l and f is not locally injective at v. If A( f, Ev(G)) =
A( f, Ev(G ′)) there is nothing to show. Then, reordering subscripts if necessary, we may assume
the following conditions :
(1) f (e1) is not contained in A( f, Ev(G ′)) (therefore f (v′′1 ) /∈ A( f, Ev(G ′)) );
(2) there exist vertices v′2, . . . , v′t ∈ adj(v,G ′) and positive real numbers r2, . . . , rt such that
f (v′i )− f (v) = ri ( f (v′1)− f (v)) for i = 2, . . . , t ;
(3) for any positive real number r and any vertices v′i ∈ adj(v,G ′) − { v′1, v′2, . . . , v′t },
f (v′i )− f (v) 6= r( f (v′1)− f (v)) ;
(4) j vectors f (v′1) − f (v), f (v′t+1) − f (v), . . . , f (v′t+ j−1) − f (v) compose a basis of
Ao( f, Ev(G ′)) (1 6 j = dim( f, Ev(G ′)) 6 l).
From the conditions (1),(3) and Lemma 3.3, we have
A( f, Ev(G)− { e2 ∪ · · · ∪ et − (e′2 ∪ · · · ∪ e′t) }) = A( f, e1 ∪ Ev(G ′)).
Then by Lemma 2.5 we have
dim( f, Ev(G)) 6 dim( f, e1 ∪ Ev(G ′))+ (t − 1) = ( j + 1)+ (t − 1) = j + t.
Conditions (2) and (4) imply that there exists a unit vector u0 ∈ Ao( f, Ev(G ′)) such that
( f (v′i )− f (v)) · u0 > 0 for 1 6 i 6 t + j − 1. Then we have
t + j − 1 6 #(adj(v,G ′, pu0 ◦ f,+)) 6 l + 1
by Lemma 2.4. Suppose that t+ j−1 = l+1. Let Bo( f, Ev(G ′)) be the orthoganal complement
of Ao( f, Ev(G ′)) in En , and take a vector u1 ∈ Bo( f, Ev(G ′)) such that ( f (v′′1 )− f (v′1))·u1 < 0.
Let ε > 0 be a sufficiently small real number and set u¯ = (u1 + εu0)/‖u1 + εu0‖. After small
perturbation of u¯ if necessary, we get a unit vector u ∈ Sn−1 −3 f that satisfies
pu ◦ f (v′′1 ) < pu ◦ f (v) < pu ◦ f (v′1)
and
l + 1 = #{ v′i ∈ adj(v,G ′) | pu ◦ f (v) < pu ◦ f (v′i ) }
= η + #{ v′i ∈ adj(v,G ′) | pu ◦ f (v′i ) < pu ◦ f (v) },
where η = 1 when deg(v) = 2l + 1 and η = 2 when deg(v) = 2l. Then we can construct a
polygonal map g : G → E1 such that τ(g) = τ(pu ◦ f )−ηpi in the same way as we did in the
proof of Lemma 3.2. Then pu ◦ f is not flat, which is a contradiction. Therefore t + j − 1 6 l.
Thus we obtain
dim( f, Ev(G)) 6 j + t 6 l + 1 = [deg(v)/2]+ 1. ¤
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Corollary 3.6. If G has a vertex v such that adj(v,G) ∪ { v } = V (G),
Verdim(G) 6
[
deg(v)
2
]
+ 1.
Remark. Now the behavior of flat maps on Ev(G) are roughly sketched by the three cases
Case 1, Case 2a and Case 2b in the proof of Theorem 1.1, which contain Lemma 3.2, Lemma 3.3
and Lemma 3.5. For the case where deg(v) is odd, we have some more details by locally flatness
of flat maps at v. See [6, proof of Theorem 1.3] together with [7, Theorem 1.10].
4. Vertex dimension and curvature dimension
In this section we determine the vertex dimension and the curvature dimension of complete
graphs, that is, prove Theorem 1.2 and Theorem 1.3. After this, we will give two results on
Verdim(G) of a general graph G.
For the vertex dimension of Km , we have already obtained in [6] that Verdim(K2l) = l, as
stated in Section 1. Now we have that Verdim(K2l+1) 6 l + 1 by Corollary 3.6. Thus, to prove
Theorem 1.2, it is sufficient to show that Verdim(K2l+1) > l + 1.
Let h : G → E1 be a polygonal map, G ′ a subdivision of G that is linear with respect
to h. A local maximum (resp. local minimum) of h is a vertex v of G ′ of degree two with
adj(v,G ′, h,+) = ∅ (resp. adj(v,G ′, h,−) = ∅).
Lemma 4.1. ([7]) For any polygonal map h : G → E1 and ε > 0 there exists a polygonal
map h′ : G → E1 such that τ(h′) = τ(h), |h(x) − h′(x)| < ε for all x ∈ G, and h′|V (G) is
injective.
This lemma allows us to determine the curvature index κ(G) by considering only those polyg-
onal maps h : G → E1 that are injective on V (G). The following was implicitly showed in [7,
Example 3.4].
Lemma 4.2. Let K2l be the complete graph on 2l vertices v0, v1, . . . , vl−1, w0, w1, . . . , wl−1.
If h : K2l → E1 is a flat map such that h(vl−1) < h(vl−2) < · · · < h(v0) < h(w0) < · · · <
h(wl−2) < h(wl−1), then the number of local maxima (resp. local minima) of h in Ewi (K2l)
(resp. in Evi (K2l)) equals i .
Let K2l+1 be the complete graph on 2l + 1 vertices c, v1, v2, . . . , vl, w1, w2, . . . , wl . If g :
K2l+1 → E1 is a flat map such that g(vl) < g(vl−1) < · · · < g(v1) < g(c) < g(w1) < · · · <
g(wl−1) < g(wl), then the number of local maxima (resp. local minima) of g in Ewi (K2l+1)
(resp. in Evi (K2l+1)) equals i or i − 1, and there exist neither local maxima nor local minima
of g that belong to Ec(K2l+1). Using the symmetry of Km we have
κ(K2l) = 2l3 − 3l2 + l, κ(K2l+1) = 2l3.
Example 4.3. Let { u1, u2, . . . , ul+1 } be the orthonormal basis of E l+1 and K2l+1 the complete
graph on 2l + 1 vertices a1, a2, . . . , al, b1, b2, . . . , bl, c. We denote by ai b j the edge joining
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ai and b j . The edges ai a j , bi b j , ai c and bi c are similarly defined. Let f : K2l+1 → El+1 be a
polygonal map with the following properties:
(1) f |e is injective for each e ∈ E(K2l+1);
(2) f (ai ) = ui as vectors of El+1 for i = 1, 2, . . . , l;
(3) f (bi ) = −ui for i = 1, . . . , l;
(4) f (c) = 2ul+1;
(5) f (ai bi ) is the line segment f (ai ) f (bi ) for i = 1, . . . , l;
(6) f (K2l+1[{ ai , bi , c }]) is a rectangle in the plane Rui ⊕ Rul+1 such that f (Eai (K ′2l+1) ∩
ai c) ⊂ Rui and f (Ebi (K ′2l+1) ∩ bi c) ⊂ Rui for i = 1, . . . , l;
(7) f (K2l+1[{ ai , a j , bi , b j }]) = f (ai bi ) ∪ f (a j b j ) ∪ S for 1 6 i < j 6 l, where S is the
square in the plane Rui ⊕ Ru j whose each side is parallel to ui or u j and contains just one
element of { f (ai ), f (a j ), f (bi ), f (b j )}.
Then f maps the subgraph K2l+1[{ ai , a j , bi , b j , c }] into the spaceRui⊕Ru j⊕Rul+1 with
the image as illustrated in Figure 4.1. Then we have
τ( f ) = 2pi ×
((
l
2
)
+ l
)
+ 2
(
l
2
)
pi × (2l + 1) = 2l3pi = piκ(K2l+1)
Therefore f is flat. Since dim( f, V (K2l+1)) = dim( f ) = l+1, we have Verdim(K2l+1) > l+1.
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Figure 4.1
See [6, Example 2.3] for a flat map K2l → En showing that Verdim(K2l) > l. Thus we have
the following result for Verdim(Km):
Theorem 1.2. Verdim(K2l) = l, Verdim(K2l+1) = l + 1 (l = 1, 2, 3, . . .).
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In order to prove Theorem 1.3 we give one more lemma.
Lemma 4.4. Let e be an edge of G that is not a loop, let v and w be the end vertices of e and
let f : G → En be a polygonal map. If f is flat and f (v) = f (w), then dim( f, e) = 1 and
the restriction f |e : e→ A( f, e) ' E1 has only one local extremum, i.e., τ( f |e) = pi .
Proof. When n = 1 this claim is [7, Lemma 3.7]. Suppose that n > 2 and dim( f, e) = 2
(cf. Lemma 2.5). There is a unit vector u ∈ Sn−1 −3 f such that pu ◦ f |e : e→ E1 has one
local maximum and one local minimum. Therefore f is not flat by the result for n = 1 and
Proposition 2.2. This is a contradiction. ¤
Now we have all preliminary results to determine dim(Km).
Theorem 1.3. dim(K2l) = dim(K2l−1) = 1+ 12 l(l − 1) for l = 2, 3, 4, . . .
Proof. For any natural number l, there are flat maps f1 : K2l → En and f2 : K2l+1 → En such
that dim( f1) = 1+ 12 l(l − 1), and dim( f2) = 1+ 12 l(l + 1). See [6, Example 2.4]. Therefore
it is sufficient to show that
dim(K2l), dim(K2l−1) 6 1+ 12 l(l − 1) for l = 2, 3, 4, . . .
Let K2l+1 be the complete graph on 2l + 1 vertices c, v1, v2, . . . , vl, w1, w2, . . . , wl (l = 1, 2,
3, . . .) and f : K2l+1 → En a flat map. Suppose that f (V (K2l+1)) = f (c). Then
τ( f )/pi > (2l + 1)κ(K1,2l)+ #(E(K2l+1))
= (2l + 1)× 2
(
l
2
)
+ l(2l + 1) = 2l3 + l2
> κ(K2l+1).
This is a contradiction. Therefore dim( f, V (K2l+1)) > 1. By the symmetry of Km , we may
assume without loss of generality that there is a vector u0 ∈ Ao( f, V (K2l+1)) ∩ (Sn−1 −3 f )
such that pu0 ◦ f (vl) 6 pu0 ◦ f (vl−1) 6 · · · 6 pu0 ◦ f (v1) 6 pu0 ◦ f (c) 6 pu0 ◦ f (w1) 6
· · · 6 pu0 ◦ f (wl−1) 6 pu0 ◦ f (wl). Let Bo( f, Ewl (K2l+1)) be the orthogonal complement of
Ao( f, Ewl (K2l+1)) in En and E(K2l+1) the subset of E(K2l+1) defined by
E(K2l+1)
= { e j ∈ E(K2l+1[V (K2l+1)− {wl }]) ∣∣ f (e j ) is not contained in A( f, Ewl (K2l+1)) }.
For e j ∈ E(K2l+1), we take b j ∈ Bo( f, Ewl (K2l+1)) ∩ Sn−1 such that
Ao( f, Ewl (K2l+1) ∪ e j ) = Ao( f, Ewl (K2l+1))⊕ Rb j
and there is a local maximum of pb′j ◦ f |e j . Here b′j = b j when pb j ◦ f |e j is polygonal, and if not,
b′j is a unit vector that is sufficiently close to b j such that pb′j ◦ f |e j is polygonal. (Lemma 2.5
and Lemma 4.4 guarantee the existance of such b j . Since f (∂e j ) ⊂ A( f, V (K2l+1)) ⊂
A( f, Ewl (K2l+1)), the 1-dimensional vector space Rb j is uniquely determined by the first
condition.) Let∑Rb j be the vector space spanned by the set { b j } of the vectors taken above.
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Then
Ao( f, K2l+1) = Ao( f, Ewl (K2l+1))⊕
∑
Rb j .
Let k = dim∑Rb j . Reordering subscripts if necessary, we can take { b1, . . . , bk } as a basis of∑
Rb j . Then there is a vector u1 ∈ Bo( f, Ewl (K2l+1)) such that b j ·u1 > 0 for j = 1, . . . , k. Let
ε > 0 be a sufficiently small real number and set u¯ = (u1+εu0)/‖u1+εu0‖. If u ∈ Sn−1−3 f
is sufficiently close to u¯, there are at least k local maxima of pu ◦ f |K2l+1[V (K2l+1)−{wl }]. Then
we get k 6
∑l−1
i=1 i from Lemma 4.2 and Lemma 4.1. Thus we arrive at
dim( f ) = dim Ao( f, Ewl (K2l+1))⊕
∑
Rb j = dim( f, Ewl (K2l+1))+ k
6 (l + 1)+
l−1∑
i=1
i = 1+ 12 l(l + 1).
Because f is an arbitrary flat map K2l+1 → En , we get dim(K2l+1) 6 1+ 12 l(l + 1).
Similarly we can show
dim(K2l) 6 l +
l−2∑
i=1
i = 1+ 12 l(l − 1). ¤
For a general graph G, we have the following as a consequence of Theorem 1.1. We remark
that Corollary 3.6 is a special case of this proposition.
Proposition 4.5. For a connected graph G, let TG be a maximal tree of G and V (TGi ) be the
set { v ∈ V (G) | degTG (v) > 2 }. Then
Verdim(G) 6 1+
∑
v∈V (TG i )
[
degG(v)
2
]
.
Proof. For distinct adjacent vertices v and w of a graph H and a flat map g : H → En , we
have
dim(g, Ev(H) ∪ Ew(H)) 6
[ 1
2 deg(v)
]+ [ 12 deg(w)]+ 1
by Theorem 1.1 and the fact dim(g, Ev(H) ∩ Ew(H)) > 1. Applying this to a flat map
f : G → En and vertices in V (TGi ), we have
dim( f, TG) 6 dim
( f, ⋃v∈V (TG i ) Ev(G)) 6 ∑
v∈V (TG i )
([ 1
2 degG(v)
]+ 1)− r,
where r is the number of the edges of TG connecting two vertices in V (TGi ). Since for a tree T ,
#(E(T )) = #(V (T ))− 1, we have r = #(E(TG[V (TGi )])) = #(V (TGi ))− 1. Thus
dim( f, TG) 6
∑
v∈V (TG i )
[ 1
2 degG(v)
]+ #(V (TGi ))− r
= 1+
∑
v∈V (TG i )
[ 1
2 degG(v)
]
.
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Since V (TG) = V (G) and f is an arbitrary flat map, we obtain
Verdim(G) 6 max{ dim( f, TG) | f is flat } 6 1+
∑
v∈V (TG i )
[ 1
2 degG(v)
]
. ¤
Remark. If G has some of the following properties:
(1) there are multiple edges or loops of G incident to v ∈ V (TGi );
(2) G[V (TGi )] is not a tree;
(3) there is an edge of G connecting v ∈ V (TGi ) and w ∈ V (TG)− V (TGi ),
then the bound dim( f, TG) 6 dim
( f,⋃v∈V (TG i ) Ev(G)) may be far from the best. But it is
difficult to estimate more strictly. The difficulty is that for a proper subgraph H of G the
flatness of f : G → En does not imply the flatness of f |H : H → En . Thus more troublesome
investigation is required. In general the above result is the best possible. If G is a tree such that
deg(v) is odd for all v ∈ V (G), it is easy to see
Verdim(G) = dim(G) =
∑
v∈V (Gi )
([ 1
2 deg(v)
]+ 1)− (#(V (Gi ))− 1)
= 1+
∑
v∈V (Gi )
[ 1
2 deg(v)
]
(cf. Theorem 1.10 and Corollary 4.8 of [7]).
For the complete bipartite graph Km,n on verticesw1, . . . , wm and v1, . . . , vn , we can choose
Ew1(Km,n) ∪ Ev1(Km,n) as a maximal tree. Then we have:
Corollary 4.6. Verdim(Km,n) 6
[
m
2
]+ [ n2 ]+ 1.
Finally we remark on the relation between the vertex dimension and subdivisions of graphs.
After the following lemma, we give the result.
Lemma 4.7. Let e be a loop edge of G incident to a vertex v of odd degree. If f : G → En
is a flat map, then dim( f, e) = 1 and the restriction f |e : e → A( f, e) has only one local
extremum, i.e., τ( f |e) = pi .
Proof. Suppose that dim( f, e) = 2. By Lemma 2.4 and Lemma 2.5, there is a unit vector
u ∈ Sn−1 − 3 f such that #(adj(v,G ′, pu ◦ f,+)) = l + 1, #(adj(v,G ′, pu ◦ f,−)) = l,
and pu ◦ f |e : e → E1 has just one local maximum and just one local minimum (i.e.,
τ(pu ◦ f |e) = 2pi ), where l is a positive integer with deg(v) = 2l + 1. Let g : G → E1
be a polygonal map such that g|e has only one local minimum and g|G−e = pu ◦ f |G−e. Then
τ(g) = τ(pu ◦ f )−pi , this is a contradiction. Therefore dim( f, e) = 1. By the same argument
it is clear that f |e : e→ A( f, e) has only one local maximum or local minimum. ¤
Theorem 4.8. Let Gi be the subdivision of a graph G obtained by making i new vertices (of
degree 2) in the interior of each edge of G. If i > 2, then
Verdim(Gi ) = dim(Gi ) = dim(G).
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Moreover if G has no loops incident to a vertex of even degree, then
Verdim(G1) = dim(G1) = dim(G).
Proof. Let f : G → En be an arbitrary flat map. Since f (V (Gi )) ⊂ A( f,Gi ) = A( f,G),
it is clear that dim( f, V (Gi )) 6 dim( f,Gi ) = dim( f ). Therefore Verdim(Gi ) 6 dim(Gi ) =
dim(G) for i = 1, 2, . . . .
Let g : G → En be a flat map such that dim(g) = dim(G) and i > 2. Because of Lemma 2.5,
for each edge e of G we can choose distinct i points xe,1, . . . , xe,i ∈ e− ∂e such that A(g, e) =
A(g, ∂e∪{ xe,1, . . . , xe,i }). We regard the set { xe,t | e ∈ E(G), t = 1, . . . , i } as the set of new
vertices V (Gi )−V (G), and the closure of each component of G− (V (G)∪{ xe,t | e ∈ E(G),
t = 1, . . . , i }) an edge of Gi . Then g as a continuous map Gi → En is a flat polygonal map
that satisfies A(g, V (Gi )) = A(g,G). Here we note that for a collection { Hj } of subspaces of
G and a polygonal map h : G → En , A(h,⋃ j Hj) is the minimal affine subspace of En that
contains
⋃
j A(h, Hj ). Then we have dim(g, V (Gi )) = dim(g) = dim(G). Thus we obtain
Verdim(Gi ) > dim(G) for i > 2.
If G has no loops incident to a vertex of even degree, we can choose one point xe ∈ e − ∂e
such that A(g, e) = A(g, ∂e ∪ { xe }) by Lemma 4.4 and Lemma 4.7. Then in this case, the
preceding argument is valid also for i = 1. ¤
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